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Modeling of VLSI

Modeling via directed graphs:
Ei(t) = (J — R)z(t) + Gu(t)
y(t) = Ga(t)
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Modeling of VLSI
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Modeling of VLSI
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[Hiw)]| (dB)

H(iw) = GT(wE - (J = R))™'G
= Hyp(iw) + Dy

— Proper transfer function
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Modeling of VLSI
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Modeling of VLSI Tum
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Approach

(1) Minimal parameterization of pHDAESs

- with any differentiation index
- with any transfer function

(2) Model order reduction (MOR)

- optimize minimal parameter sets
- obtain high-fidelity approximations
- using only samples of H
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Definition of pHDAEs

Linear time-invariant differential-algebraic system

where x(t) € R™, u(t), y(t) € R™ and with

(i) Structure matrix (i) Dissipation matrix (iiiy Hamiltonian
J G R P 1
.= [—GT N] =TT, W .= [PT S] =WT >0, H(x(t)) :== §£C(t)TE$(t) >0

and transfer function
H(s):=(G+P)"(sE—~(J—R)™(G—-P)+S—N,
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Properties of pHDAE transfer functions

Lemma (Wohlers, 1969)
The transfer function of every pHDAE may be decomposed into

H(s) = Hgp(S) + Do + Dy - s,

with the following properties:

(i) The transfer function Hg(s) is strictly proper, i.e. limg_, o Hqp(s) =0
(i) The proper subsystem with Hy,(s) := Hgp(s) + Dy is passive
(i) D, = D] > 0,i.e. Dy = LLT with L € R™*%and ¢ < m
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Minimal realizations of pHDAEs

Given is a pHDAE with z(¢) € R™ and H(s) = Hyp(s) + Do + D - s.

For the proper transfer function H,(s) = Hgy(s) + Dy, there exists a realization

ip(t) = (Jp — Rp)ap(t) + (Gp — Bp)u(?),

with z,(¢) € R™ (np, < n).
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Minimal realizations of pHDAEs

Given is a pHDAE with z(¢) € R™ and H(s) = Hyp(s) + Do + D - s.

For the proper transfer function H,(s) = Hgy(s) + Dy, there exists a realization
p(t) = (Jp = Bp)ap(t) + (Gp = Bp)ult),
up(t) = (Gp + Pp) "2p(t) + (Sp — NpJu(t),

with z,(¢) € R™ (np, < n).

Decompose D; = LLT with L € R™*4. A minimal realization of the pHDAE is given by

L, 0 0 Jy 0 0 R, 0 0 Gp
0 I, 0| dmm®) =[]0 0 =L =|0 0 0| | zmm®)+ | |0
0 0 0 0 I, 0 0 0 0 v

0
y=[GL+ Py 0 L]zmm(t)+ (Sp— Np)u(t),

PP
0
0

s

)oo

with 2,1, (t) € R™2¢ and transfer function H.
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Problem statement

Given: pHDAE with z(t) € R™ and H(s) = Hgp(s) + Do+ Dy - s

Goal: Find reduced-order model (ROM)

I, 0 0 Jor(6) 0 0 Ry, (6) 0 0 Gpr(6)

[0 I, 0]:@@)([ 0 0 —IL|—-| 0 o0 Ol)mr(t)Jr( 0

0 0 0 0 I, 0 0 00 L.(0)7
Yr = [Gor(O)T + Bop(0)T 0 Ly(0)] o (t) + (Sp,r(0) = Ny (0))ult),

with state =, € R"2¢ (r <« n), parameterized by ¢ € R***, and transfer function H,.(-, )
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Problem statement

Given: pHDAE with z(t) € R™ and H(s) = Hgp(s) + Do+ Dy - s

Goal: Find reduced-order model (ROM)

I, 0 0 Jor(6) 0 0 Ry, (6) 0 0 Gpr(6)

0 I, 0] i (t)= 0 0 —IL|—| 0 00|+ 0

[o 0 o] ([ 0 I, 0 0 0 o]) (LT(Q)T
Yr = [Gor(O)T + Bop(0)T 0 Ly(0)] o (t) + (Sp,r(0) = Ny (0))ult),

with state =, € R™2¢ (r <« n), parameterized by ¢ € R***, and transfer function H,(-,¢) such that

- : : vz,
() |1H — Ho(-,0) |14, = (% oo NH (iw) — Hr<lw,9)||%dw) is finite and “small”
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Problem statement

Given: pHDAE with z(t) € R™ and H(s) = Hgp(s) + Do+ Dy - s

Goal: Find reduced-order model (ROM)

I, 0 0 Jor(0) O 0 Ry, (0) 0 0 Gpr(0) Py (0)
[0 I, 0] @ﬁ)([ 0 0 —-I|—| 0 0 Ol)xr(t)Jr( 0o |- o )u(t),
0 00 0 I, 0 0 00 L.(0)7 0

Yr = [Gor(O)T + Bop(0)T 0 Ly(0)] o (t) + (Sp,r(0) = Ny (0))ult),

with state =, € R™2¢ (r <« n), parameterized by ¢ € R***, and transfer function H,(-,¢) such that

0 . 1/2. o
) | H — Hy(-,0)]lyy, = (% o NH (iw) — H(iw, )||%dw) is finite and “small”

(ii) itis a pHDAE, i.e. T,(f) = l_é?p((e )>T ]C\;[ E ﬂ =-T.(0)7, W.(0)= [ppr(e))T ];E’:(e)
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Parameterization for > model reduction

| oo ' _ 9 1/2
Goal: [|[H — H,(-,0)]|;, = (g Sl 1H (iw) — H,(iw, 9)||Fdw)

— H(iw) — H(iw,0) = Hg(iw) — Hopr(iw,0) +  Do— (Spr(0) — Npr(0))
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Parameterization for > model reduction

| oo ' _ 9 1/2
Goal: [|[H — H,(-,0)]|;, = (g Sl 1H (iw) — H,(iw, 9)||Fdw)

— H(w) — Hy(iw,0) = Hyp(w) — Hopoliw,0) + Do— (Spr(0) — Nor(0)) + |iw(Dy — L(0)Lo(6)T)

1. Fix L, such that L. L] = D,
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Parameterization for > model reduction

Goal: |H — H,(-,6)|l;, = (% % || H (iw) — Hy (i, 9)||§dw)

— H(iw) — Hy(iw,0) = Hgp(iw) — Hepr(iw,0) +

1. Fix L, such that L. L] = D,

1/2

Do — (Sp.r(0)

- Np,r(e))

_|_

iw (Dl — L, (Q)Lr (9)T)

2. Fix Sy, Ny suchthat Sy, — Npr =Dy — S, = 2(DJ +Dy), Ny = (D] — Do)
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Parameterization for > model reduction

| oo ' _ 9 1/2
(%%HH—HA&M%:(gfﬂﬂHWO—HN%@Mmo

— H(iw) = Hy(iw,0) = Hyp(iw) = Hopp(.6) +  [Do— (Spr(8) = Npr (0))| + (D1 — L,(6)Lo(6)T)

1. Fix L, such that L. L] = D,
2. Fix Sy, Ny suchthat Sy, — Npr =Dy — S, = 2(DJ +Dy), Ny = (D] — Do)

Jor(0)  Gpyr(0)
_Gp,v“(@)T Np r

Rpr(0)  Por(0)

=T, VWXQ)ZZ[;%T@AT Spr

]:WM@TZO
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Parameterization for > model reduction

| oo ' _ 9 1/2
Goal: [|[H — H,(-,0)]|;, = (g Sl 1H (iw) — H,(iw, 9>||Fdw)

— H(iw) = Hy(iw,0) = Hyp(iw) = Hopp(.6) +  [Do— (Spr(8) = Npr (0))| + (D1 — L,(6)Lo(6)T)

1. Fix L, such that L. L] = D,
2. Fix Sy, Ny suchthat Sy, — Npr =Dy — S, = 2(DJ +Dy), Ny = (D] — Do)

0 0
Jor(0)  Gpr(0)
r.@)=| " ’ = |2 — [+ — trt2ml) parameters for 6
o T
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Parameterization for > model reduction

Goal: [ H — Hy(-6) [, = (& [, 1) — Hiw. ) 2d)
S H(iw) — Holw,6) = Hypliw) — Hupr(i0,6) + [Do— (Spr(8) — Now®)] + iw(Ds — L(OLO)T)

1. Fix L, such that L. L] = D,

2. Fix S, ,, Ny suchthat S,, — Ny, =Dy —  Sp, = 2(D{ + Do), Ny = 2(D{ — Dy)
- - T
T (0)  Gyr(6)
T,0)=| ’ = — "rt2ml) parameters for ¢
Gpr ()T Np
Ry (0) P,.(0)
W,.(0) = PO S = — Hrt2mtl) parameters for 6
p?r p’r
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Parameterization for > model reduction

| oo ' _ 9 1/2
Goal: [|[H — H,(-,0)]|;, = (g Sl 1H (iw) — H,(iw, 9>||Fdw)

— H(iw) = Hy(i,0) = Hap(iw) = Hopp(,6)  + Do — (Spr(0) = Npo0)  +  iw(Dy — Lo(9)L,(6)7)

1. Fix L, such that L. L] = D,
2. Fix Sy, Ny suchthat Sy, — Npr =Dy — S, = 2(DJ +Dy), Ny = (D] — Do)

0 0 Jor(8) 0 0
I, 0 i (t) = 0 0 —I,
0 0

(Sp,r = Np,rJu(t)
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Optimization of ¢

Given:

H(s) = Hgp(s) + Do+ Ds - s
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Assumption:

Hy(s,0) =

spr(s 9)+D0+D1'5
+DO+D1 s

S —
i=1
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Optimization of ¢

Given:

H(s) = Hgp(s) + Do+ Ds - s

Pole-residue formulation of H5 error (Beattie, 2009):

|H = H (- 0)|I2, = | Holl?, — 221
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Assumption:

H,(s,0) = Spr(s 9)—|—DO+D1-3
+DO+D1 s
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Optimization of ¢

Given:

H(s) = Hgp(s) + Do+ Ds - s

Pole-residue formulation of H5 error (Beattie, 2009):

1H — He(-,0) 3, — 1 Hspll3, = 225
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Optimization of ¢

Given: Assumption:

H(s) = Hsp(s) + Do + Dy - s H,(s,0) = Spr(s 9)+D0+D1-5

= +DO+D1 s
i=1

Pole-residue formulation of H5 error (Beattie, 2009):

r ) T r TT"
|H — Ho(-,0)[2, - ||HspHH2—QZl (6)" Hep (= i(6))r:(6) + Zl](eleffggf<2<9>](0)'

Optimization problem

min  F(0; H) := ||H — Hr(’,e)”?{g -

2
_min | Hepll2,
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Numerical example

Bode Plot
u(t) =
=
£
.‘béo
-
Some details:
“ Dy =0, Dy#0 H
en=>500 — a(t)cRP? 2
* random physical parameters € (0, 1]
-90

1074 1072 10° 107 10*
Frequency w (rad/s)
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Results
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Key takeaways

1. Algebraic constraints — challenging for MOR

2. pH structure — blessing and curse

3. Optimization-based approach: flexible parameterization

4. Benefits: minimal ROM dimension + only samples of H needed
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MORpH - Model Reduction of pHDAEs in MATLAB T

MORpH Toolbox <\

Port-Hamiltonian

(E7J7R7Q7G7P7S7N)

sys = phs(E,J,R,..)

redSys =
1rkaPH{sys, &, oplLs)

\/

ss2phs (), bode () Non-Passive Port-Hamiltonian

Passive
iSPaSSive()"" (EraAT7BT7CT7DT) (EraJT7RT’7Q7’7GT7PT75T7NT’) (ET7AraBrac7’7Dr)
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